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Based on the minimum two-orbital model and the phase diagram recently proposed by Tai et
al. (Europhys. Lett. 103, 67001(2013)) for both electron- and hole-doped 122 iron-based super-
conducting compounds, we use the Bogoliubov-de Gennes equations to perform a comprehensive
investigation of the evolution of the Fermi surface (FS) topology in the presence of the collinear
spin-density-wave (SDW) order as the doping is changed. In the parent compound, the ground
state is the SDW order, where the FS is not completely gapped, and two types of Dirac cones,
one electron-doped and the other hole-doped emerge in the magnetic Brillouin zone. Our findings
are qualitatively consistent with recent angle-resolved photoemission spectroscopy and magneto-
resistivity measurements. We also examine the FS evolution of both electron- and hole-doped cases
and compare them with measurements, as well as with those obtained by other model Hamiltonians.
PACS numbers: 71.18.+y, 74.20.Pq, 71.10.Fd
The discovery of the iron-based high-temperature su-
perconductors has attracted intensive experimental and
theoretical attention. The parent compound (such as
BaFe2As2 or 122 pnictide in short) is a bad metal with
a collinear spin-density wave (SDW) order. By doping
either electrons or holes into the parent compound, the
SDW order becomes weakened and the superconductiv-
ity (SC) emerges. Both phases appear to coexist and in
some cases also compete with each other in certain doping
regimes.1–9 As the compound is further doped, the SDW
gets further suppressed. Eventually, only the SC order
prevails in the optimally and overdoped regimes. Many
experiments10,11 now suggest that the SC pairing sym-
metry in these compounds should be s±-wave like
12 with
the inter-band sign reversal of the pairing order, which
can be simulated by a next-nearest-neighbor (NNN) pair-
ing interaction.13
Many microscopic Hamiltonians have been proposed
to study the electronic band structure, the SDW and SC
in the iron pnictides, ranging from tight-binding models
that include all five Fe-3d orbitals14 or even eight or-
bitals accounting for As-4p orbitals as well15, to three
orbitals,16,17 and down to the minimum models of two
orbitals,18–21 or simply two bands,22–24 as well as the
low-energy effective model.25 Each of these models has
its own advantages and range of convenience for calcula-
tions. For example, to study certain specific properties of
the 122 compounds, such as the Fermi surface (FS) evo-
lution as a function of doping, quasiparticle excitations,
superfluid density, and the local density of states near an
impurity or a magnetic vortex core, the two-orbital mod-
els appear to have a clear numerical advantage, while
retaining some of the orbital character of the low-energy
bands. Among the two-orbital (dxz and dyz) models,
the phenomenological approach of Zhang19 takes into
account the 2-Fe atoms per unit cell and the asymme-
try of the As atoms below and above of the Fe plane,
which breaks the C4 symmetry. For this model the phase
diagram of the electron-doped Ba(Fe1−xCoxAs)2 com-
pounds has been calculated,26 and the result is in quali-
tative agreement with experiments.2–4,8,10 The obtained
FS evolution as a function of electron doping26 and the
FS at zero doping27 are consistent with the angle-resolved
photoemission spectroscopy (ARPES) experiments28–30
and the electron- and hole-like Dirac cones, as observed
indirectly by magneto-resitance measurements.31 How-
ever, this model failed to generate the experimental phase
diagram for hole-doped Ba1−xKxFe2As2 compounds
6,7
with the same set of parameters. Thus the FS evolu-
tion of the hole-doped compounds has so far not been
systematically studied in the literature. In a very re-
cent work, Tai and co-workers21 improved the original
model in Ref. 19 to give a unified description of the en-
tire phase diagram covering both the electron- and hole-
doped regimes. To our knowledge, this is so far the only
phenomenological 2-by-2-orbital model (2 Fe sites with
2 orbitals each), in which the resultant low-energy elec-
tronic dispersion agrees qualitatively well with density
functional theory calculations of the electronic structure
in the local density approximation (LDA) of the entire
Brillouin zone (BZ) of the 122 compounds.14,32–35 No-
tably, the obtained phase diagram also agrees with the
experimentally observed electron- and hole-doped phase
diagrams.1–7 In the present paper, we adopt this model
to test further its validity by studying the FS topology of
the hole-doped and electron-doped compounds. At the
same time we also compare the model results with exper-
iments and with previous theoretical studies.23,26,27,36
We write the model Hamiltonian as21
H = Ht +Hint +H∆, (1)
where Ht and Hint are the single electron hopping
2and on-site electron-electron interaction terms, respec-
tively. The kinetic energy term can be written as
Ht =
∑
iµjνσ(tiµjνc
†
iµσcjνσ + h.c.) − t0
∑
iµσ c
†
iµσciµσ,
and the electron-electron interaction term can be ex-
pressed in the mean-field approximation by Hint =
U
∑
i,µ,σ 6=σ¯〈niµσ¯〉niµσ+U
′∑
i,µ6=ν,σ 6=σ¯〈niµσ¯〉niνσ+(U
′
−
JH)
∑
i,µ6=ν,σ〈niµσ〉niνσ, where i, j are lattice site indices;
µ, ν = 1, 2 are the orbital indices for dxz and dyz or-
bitals; t0 is the chemical potential, which is determined
by the electron filling per site n with niµσ = c
†
iµσciνσ and
U
′
= U−2JH . At the mean field level, the pairing term is
given by H∆ =
∑
iµjνσ(∆iµjνc
†
iµσc
†
jνσ¯ + h.c.). Since this
is a phenomenological Hamiltonian and dispersions are
fit to low-energy LDA calculations or ARPES measure-
ments, our classification in terms of dxz and dyz orbitals
should not be taken literal, but rather as a convenient
way to differentiate between the symmetries of the effec-
tive low-energy orbitals. A detailed symmetry analysis of
our model has been presented in Ref. 21, in which the C4
symmetry breaking introduced. A more profound space
group symmetry analysis of the iron pnictide supercon-
ductors can be found in a recent paper.25
The Hamiltonian in Eq. (1) is solved self-consistently
through the multiorbital Bogoliubov-de Gennes equa-
tions in matrix notation,
∑
jν
(
Hiµjν↑ ∆iµjν
∆∗iµjν −H
∗
iµjν↓
)(
unjν↑
vnjν↓
)
= En
(
uniµ↑
vniµ↓
)
, (2)
in combination with the self-consistency equations
for the electron density, niµ =
∑
n |uiµ↑|
2f(En) +∑
n |viµ↓|
2[1 − f(En)], and the SC order parameter,
∆iµjν =
Viµjν
4
∑
n(u
n
iµ↑v
n∗
jν↓ + u
n
jν↑v
n∗
iµ↑)tanh(
En
2kBT
). Here
f(E) is the Fermi-Dirac distribution function with Boltz-
mann constant kB , Viµjν is the NNN pairing strength,
with Viµjµ = V , when j = i± xˆ′ ± yˆ′ and zero otherwise.
Throughout this work, we will use the six hopping pa-
rameters t1−6 = (−1, 0.08, 1.35,−0.12, 0.09, 0.25) and the
three many-body interaction parameters (U, JH , V ) =
(3.2, 0.6, 1.05) from Ref. 21. All energies are measured
in units of |t1|. Before we give a detailed discussion
about the effects of doping, we present the phase di-
agram of Tai’s model in Fig. 1. In these calcula-
tions, the collinear SDW order parameter is defined as
m(i) = (−1)ix′ 1
4
∑
µ(niµ↑ − niµ↓), and the bulk SC or-
der parameter is defined as the average over the lattice,
∆ = 1
8N
∑
i,δˆ,µ
∆
i,i+δˆ,µ
.
For the undoped case, the FS in the normal state
contains two hole pockets around the Γ = (0, 0) point
and two electron pockets around the M = (pi, pi) point
(Fig. 2(a)). Since the SDW order will enlarge the real-
space unit cell, we choose the 4-Fe unit cell configuration
as denoted by the blue dashed squares in the inset of
Fig. 1, from which we can see that the antiferromagnetic
order is along the x′ axis and the ferromagnetic order is
along the y′ axis. We plot the zero-temperature magnetic
FS of the undoped parent compound, obtained from our
FIG. 1: (Color online) The phase diagram at zero temper-
ature. The collinear SDW order parameter (black line with
squares) and the SC order parameter (red line with triangles)
are shown. Inset: The schematic lattice structure of the Fe
layer in the SDW state is plotted. Solid dots and circles de-
note nonequivalent Fe ions in different sublattices. Black and
blue dashed squares denote the 2-Fe unit cell in the paramag-
netic state and 4-Fe unit cell in the SDW state, respectively.
self-consistent calculation, in Fig. 2(b). Four small FS
pockets appear in the magnetic Brillouin zone (MBZ)
along the high-symmetry Γ − M line, consistent with
experiments.37,38 We note that the pockets outside the
MBZ are just replicas of those inside due to band fold-
ing in the SDW state. To reveal the nature of these FS
pockets, we make a one-dimensional (1D) cut in Fig. 2(c)
for the band structures along X ′x − Γ
′ −X ′y. We can see
that two of the colored FS pockets (red) are electron-type
and located around (kx, ky) = ±(0.287pi, 0.287pi), while
the other two (green) are hole-type and located around
(kx, ky) = ±(0.244pi, 0.244pi). Along the line X
′
x − Γ
′,
we predict the existence of two Dirac cones (one elec-
tron doped and the other hole doped). Indeed this is
captured by recent ARPES experiments30 and is in good
agreement with magneto-resistance measurements.31 In
retrospect, these calculations allow us to justify why the
present two-orbital model agrees so well with experi-
ments. This is because the density of states due to the
dxy orbital is practically zero at the Fermi energy in the
presence of the SDW order39 and thus may be neglected.
Similar features for the parent compound have also been
obtained by a different two-orbital model.27
The doping effect is expected to have an intimate im-
pact on the FS with SDW order. In underdoped samples,
where the SC and SDW orders coexist, earlier work23
investigated the effect of the SDW strength on the FS
topology by keeping the chemical potential (or doping
level) fixed. The FS with the SDW in the undoped case
has also been shown to sensitively depend on the strength
of the onsite Coulomb interaction.36 Therefore, it is nec-
essary to choose a set of interaction parameters able to fit
the phase diagram of the compounds for both electron-
and hole-doped cases (see Fig. 1), and then to exam-
ine how the FS is changed as the doping level varies.
It appears that this issue has only been studied for the
3FIG. 2: (Color online) (a) The normal state FS at half filling.
(b) The ungapped magnetic FS at half-filling. The dash lines
indicate the MBZ boundary in the SDW state. (c) The band
structure along two directions X
′
x − Γ
′
and Γ
′
− X
′
y. Inset:
Enlarged view of the Dirac cones.
electron-doped case26 based on the model of Ref. 18. In
the following, we first study the FS topology of the doped
case by setting the SC order parameter ∆ = 0. This is
because the FS is determined by the SDW, not by SC.
The effect of the SC is mainly to open a gap on parts of
the FS pockets, where the SDW gap closes. Concretely,
in the optimally doped state, it can be predicted that
∆(k) = 2∆(cos(kx)+ cos(ky)) in the BZ of the 2-Fe unit
cell. In the coexistence region of SDW and SC, the re-
constructed FSs are formed by mixing electron and hole
bands but the SDW wave retains the gapped nature of
the s±-wave SC although the gap equation appears in a
mathematically different way.23,24 According to our nu-
merical calculation, the SDW gap is mainly affected by
the doping that destroying the nesting between the Fermi
surfaces, not by the presence of the SC. Further, the FS
measured in the ARPES experiments for doped SC sam-
ples28,29,40 usually did not exhibit the SC gaps.
When the iron pnictides are lightly hole-doped, i.e.,
away from half filling, the size of the hole pockets is en-
larged, while that of the electron pockets is reduced. The
electron pockets will then vanish completely at a small
doping value as shown in Fig. 3(a). By further increasing
doping, two new hole pockets appear in the same location
where the electron pockets vanished (Fig. 3(b)-(c)). This
can be easily seen from the inset of Fig. 2(c) by shifting
the chemical potential downward. It is also worthwhile to
point out that the band structure with the SDW depends
strongly on the magnitude of the SDW order. When
FIG. 3: (Color online) The doping evolution of the FS at the
zero temperature on the hole-doped side of the phase diagram.
The SC order is artificially set to zero in order to illustrate the
effect of the SDW. In panels (a)-(f), the green and magenta
lines indicate the ungapped hole-type FS and the black dash
lines indicate the MBZ boundary. The royal curves in (g)-(i)
show the paramagnetic state FSs due to the totally depression
of the SDW order.
the doping level δn ≡2-n> 0.1, an additional pair of un-
gapped FS pockets appears in the diagonal kx = −ky
direction (Fig. 3(d)). The size of all these hole pock-
ets is enlarged proportional to doping and then the FSs
become closed around the Γ point (two blue squares in
Fig. 3(e)). Meanwhile, the magenta FS pockets are still
located along the kx = ky direction and stay gapped
along the orthogonal direction, kx = −ky. When the
system is even further doped, all the FSs become closed
around the Γ point and symmetric along kx = ky and
kx = −ky directions as the SDW order becomes increas-
ingly small (Fig. 3(f)). So far we are not aware of any
ARPES experiments in the hole-doped region with SDW.
Hence, our results will guide the search and interpreta-
tion of future experiments of the FS topology with SDW
phase in the very underdoped regime. In this regime,
the SDW gap is large while the SC gap is comparatively
small. If the ARPES experiment observes small gaps in
certain k space-region while large gaps are detected in
other part of the k space. Then the FS where the SC
resides on could be easily determined. If one neglects the
smaller SC gap, the FS with SDW as a function of dop-
ing should be experimentally obtained, and the results
should be used to compare with our theoretical predic-
tions. However, near the optimal doping, the SDW gap
should be comparable to or much smaller than the SC
gap. It would be hard for our theory to fit the exper-
4iments when the gaps of the SDW and SC orders have
the same order of magnitude.
For samples with n ≤ 1.86, or δn ≥ 0.14, the SDW or-
der disappears and thus no more band folding. We show
the corresponding FSs in the 2-Fe BZ at n = 1.8, n = 1.7
and n = 1.5 in Figs. 3(g)-(i), respectively. The four elec-
tronic pockets at the zone corner M shrink, while the
hole pockets at Γ expand a little with increasing dop-
ing. It should be noticed that for extremely hole-doped
samples, the small electron pockets near the M points
no longer touch the BZ boundary, which is consistent
with available ARPES experiments,41,42 and so far has
not yet been explained by other two-orbital models. In
addition, Fig. 3(g) shows nearly degenerate hole-like FSs
at the Γ point, while experiments indicate two well sepa-
rated hole like FSs.41–46 This is an intrinsic shortcoming
of the two-orbital model, because the outer hole pocket
(β FS sheet), which is missing in the present calculation,
has a major dxy orbital component according to orbital-
sensitive ARPES results.47 On the other side, the LDA
calculations48–50 have shown that, although heavily hy-
bridized, the main character of the bands that determine
the FS are dxz and dyz orbitals, with small contribu-
tions of dxy at the hole pockets and at most of the elon-
gated portions of the electron pockets. Even though the
dxy orbital indeed affects the FS topology in the heav-
ily hole-doped case, it has no qualitative impact on the
collinear SDW and SC orders, and other thermodynamic
measurable quantities. In particular, we point out that
although the two orbitals in our model are mainly of dxz
and dyz character, some weight of dxy-orbital character is
also present. This fact may qualitatively justify our min-
imum two-orbital model21 as a phenomenological model
for 122 pnictides.
In order to check the validity of the two-orbital model
employed in the present work, we also examine the FS
evolution with electron doping. The results are shown
in Fig. 4. In the lightly doped regime, the hole pock-
ets are gradually getting smaller and finally disappear.
With further increased doping, two electron pockets ap-
pear (see Figs. 4(a) and (b)). This behavior is mir-
rored for hole doping and can be seen from the inset of
Fig. 2(c) by moving the chemical potential upward. How-
ever, in the intermediate doping regime around n = 2.03,
two new electron FS arcs also appear along the diagonal
kx = −ky direction, see Fig. 4(c). This is quite different
from the two-band result in Fig. 2 of Ref. 22, there the
magnetic FS pockets are always along the kx = ky direc-
tion. Recently, ARPES experiments40 were performed on
strongly underdoped BaFe2−xCoxAs2 samples in which
the electronic structure of the detwinned crystal was ob-
served. It can be seen that the anisotropic features in
Fig. 4(c) and 4(d) are qualitatively comparable to the
experimental observations as shown in Fig. 1 of Ref. 40,
if the crystal orientation across the twin boundaries is
considered. When the doping increases, the size of the
electron FS pockets and arcs are enlarged, and eventu-
ally become large closed FSs around Γ, while the other
FIG. 4: (Color online) Similar to Fig. 3, but for the electron-
doped side. The red and blue lines in panels (a)-(f) indicate
the ungapped electronic FS.
pair of ungapped FS pockets remains along the Γ-M line
(Figs. 4(e)). When the system is further doped, the inner
blue electron pockets are also closed around the Γ point
(Fig. 4(f)).
For n ≥ 2.11, the SDW order is totally suppressed,
and the FS is then presented in the 2-Fe BZ, as shown in
Fig. 4(g)-(i). It can be seen that in the heavily electron-
doped sample, the hole-like FSs around the Γ point be-
come very small. First the inner one disappears, and fi-
nally both hole FSs disappear while the electron FS pock-
ets at the zone corner become enlarged. A key finding
of this work is that all these model results are consistent
with ARPES experiments.28,29 In addition, the shape of
the FS pockets around the M point are round, while
those obtained in previous work were more square.26
For a direct comparison to future experimental stud-
ies with varying doping levels, we calculate the spectral
function A(k, ω) =
∑
i,µAi,µ(k, ω), and integrate from
ω = −0.1 to 0.1, which is proportional to the photoe-
mission intensity measured in ARPES experiments. The
local and orbital-resolved spectral function is defined as
Ai,µ(k, ω) =
∑
n
[|uiµ↑(k)|
2δ(En(k)− ω) +
|viµ↓(k)|
2δ(En(k) + ω)]. (3)
Our calculated spectral functions are shown in Fig. 5.
It is known that when the sample is undoped or in the
lightly hole- or electron-doped regimes, the spectral in-
tensity is strong along the diagonal direction kx = ky di-
rection, but very weak along the other diagonal direction,
kx = −ky.
37,38 When the electron or hole doping is in-
creased, the intensity along kx = −ky becomes enhanced
5FIG. 5: (Color online) The spectra function A(k, ω) inte-
grated from ω = −0.1 to 0.1 at different doping levels: (a)
n = 1.85, (b) n = 1.9, (c) n = 1.95, (d) n = 2.04, (e) n = 2.07,
and (f) n = 2.11.
(Figs. 5(b), 5(d), and 5(e)), with obvious anisotropic
characteristics induced by the existence of the SDW or-
der. In the paramagnetic phase, as seen from Figs. 5(a)
and 5(f), the FSs become symmetric along the kx = ky
and kx = −ky directions.
The asymmetric characteristics of the magnetic FS
along kx = ky and kx = −ky directions with the collinear
SDW imply anisotropic transport and other properties in
highly under-doped Fe-based superconductors. Although
the current ARPES experiments appear to be difficult
to map out the evolution of the FS in the under-doped
regime, the asymmetric effect of magnetic FS evolution
should be easily reflected in other measurements, such
as scanning tunneling microscopy (STM) experiments,
which can measure the quasiparticle interference pattern
and the local density of states around a unitary impurity
(Zn atom) or near a magnetic vortex. All these signa-
tures constitute subjects for future study.
In summary, we have studied for the first time sys-
tematically the FS evolution of the 122 parent com-
pound as functions of hole- and electron-doping. At zero
doping, there exist equal-sized electron-doped and hole-
doped Dirac cones along the Γ-M direction (kx = ky)
in the BZ, i.e., the direction of the antiferromagnetic or-
der. This is in good agreement with experiments. When
the 122 parent compound is lightly doped, the effect of
doping is mainly to reduce the size of the Dirac cone-like
pockets, while the SDW gap closes up along the anti-
ferromagnetic nesting direction. With further doping,
additional parts of FSs become ungapped along the or-
thogonal direction, kx = −ky. Then the SDW order is
completely suppressed and the complete two-dimensional
FSs appear in the heavily doped samples. We noticed
that the FSs obtained for the heavily hole-doped regime
seem not to agree well with ARPES experiments, this
is because the contribution from the dxy orbital is not
adequately captured in the present study. However, our
results with the SDW order can be used to guide future
experiments on the evolution of the Fermi surface topol-
ogy in very underdoped samples of Fe-pnictides, where
the dxy orbital is greatly suppressed. On the other hand,
we have also investigated the FS evolution as a function
of electron doping. All of our theoretical findings in this
case are in qualitative agreement with experiments from
under-doped to over-doped regime. This conclusion im-
plies that the present model suits better for the electron-
doped case than for the hole-doped case. We believe that
the low energy physics of the 122 pnictides is originating
mainly from the dxz and dyz orbitals, and further works
are needed to support the validity of the present model.
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